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Abstract

Peaceful cohabitation in a marriage institution is challenged with separation/divorce because
of distinct individual psychological build-up. A deterministic model for the divorce epidemic
was proposed using standard incidence as a forcing function. The stability theory of differential
equations was used to perform the model analysis qualitatively on which the equilibria obtained
are locally and globally stable. Bifurcation and sensitivity analysis of the model were performed;
parameters responsible for managing and eradicating the spread of divorce in marriages were
determined. A numerical simulation was performed with results that showed pre-marriage
preparedness and conscientious growth in tolerance of individual differences as a stabilizer to
marriages.
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1 Introduction

Marriage can be viewed differently within cultures, religions, environments, countries, per-
sonal factors, and seasons. It can be termed as a socially or ritually recognized union if all the rites
where performed, which establishes rights and obligations between the spouses, as well as their
children both biologically or adopted, and relatives [14]. Succinctly defined, marriage in Nige-
ria is a socially recognized and approved (customary, religious, statutory, cultural, or traditional)
union of man and woman who dedicate to each other with the sole aspiration of a permanent and
long time relationship [18] with a legal obligation to each other throughout their lives. Regardless
of the conjugal bliss, heinous experiences have dripped into the unions whose effects are divorce
and separation. Divorce is the canceling, dissolution, or reorganizing of the legal duties and re-
sponsibilities attached to marriage under the rule of law that establish such union. Separation, on
the other hand is the abrogation of cohabitation in marriage. In 2018, 70 % of women in Nigeria
aged 15 to 49 years [8] were married, which portrays the essence placed on marriage in Nigeria.
Out of the total population of Nigeria in 2020, over 39,149,232 were married, 357,508 were divorced
and 1,057,236 were separated which 75% of the separated couples end up in divorce [3].

Divorce is an endemic issue that seriously affects the social and economic structure of con-
temporary society as much as any disease because of its adverse effect on personal stability and
children. Before 2016, divorce was uncommon in Nigeria with statistics of about 0.2% of men
and 0.3% of women that have legally dissolved their marriage. Furthermore, in 2018, it was re-
ported Vanguard Newspaper that in Nigeria rate of divorce/separation increased by 14% which
showed its ugly head in over 3,000 divorce cases recorded in Badadry, Lagos alone. In a News-
paper article published on 28th February 2020, it was learned that Federal Capital Development
Authority (FCDA) receives 20 to 30 cases of divorce issues every working day, which corresponds
to a claim of the High court in Federal Capital Territory (FCT) that between ending of 2019 and
February 2020, over 2000 divorce cases were filed which averages 30 cases being entertained daily.
The prevalence of divorce has raised a great concern for the children whose families are broken
especially at a tender age. A great number of these children are associated with illicit substances,
social withdrawal, poor academic performance, prone to teen pregnancy, the victim of adult men-
tal problems, and exhibit externalizing and internalizing behavioural problems [15]. The causes
of divorce and separation in marriages are ranked but are not limited to lack of commitment,
unchecked arguments, infidelity, early marriage, unwanted and unrealistic expectations, lack of
equality in a relationship, violence, etc. Summarily, divorce has enormous societal, cultural, eco-
nomical, political, psychological, and all-encompassing consequences [1, 10], hence for a stable,
wealthy, peaceful, and productive society the family /marriage of a given society should be ulti-
mately restored to its original purpose.

For the past decades, mathematical modelling has been employed in studying epidemics [23,
16], human physiology, the flow of fluids, agriculture, structural development, pigmentation, mu-
tation, pneumonia/Typhoid [22], childhood disease [5], railway system [2] and students perfor-
mance in Mathematics examination [11] etc. We will consider divorce as an epidemic in contem-
porary society because of its apocalyptic effect on family life which is the sole and integral unit of
the society. Different researchers have worked on models related to divorce; a model that studied
disparity in marital satisfaction, as well as the economy, was studied in [7]. They concluded that
harmonization and limitation of social contagion will reduce the rate of divorce. A model of three
compartments; married, divorced, and separated was formulated by [9] which was extended by
[20]. In their study, they concluded that increasing the number of marriages that go into separa-
tion and educating them along with reducing contact with infectious divorcees help in combating
the divorce epidemic. A study on qualitative analysis of a mathematical model of divorce epidemic
with anti-divorce therapy was propounded by [13], they found out that anti-divorce protocols and
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reconciliation can jointly stabilize marriages. Bifurcation analysis of mathematical model analysis
of marriage divorce [21] was performed with the conclusion that divorce has eaten deep into the
fiber of the society. We construct a mathematical model for the dynamics of divorce in the society
incorporating personal preparation for marriage on the part of singles who are ready for marriage
and personal development on tolerance of negative affects of our spouse as effective control mea-
sures, which are features missing in other models. The standard incidence rate is used as the force
of infection with marriage disorder resulting as a result of contact (virtually or physically) with
divorcees and some unrepentant separated individuals who will eventually get a divorce which is
also missing in other works. The model proposed is analyzed both asymptotically and numerically
to understand the intricacies and effects of the controls on divorce dynamics in Nigeria.

The paper is organized as follows: In Section 2, we formulate the model and study the proper-
ties of the model. We perform the model analysis which involves obtaining the equilibria, effective
reproduction number, and study of the global stability of divorce-free equilibrium using the Lya-
punov method, the local and global stability of divorce endemic equilibrium is explored and the
bifurcation analysis in Section 3. Sensitivity analysis of the parameter in effective reproduction
number is performed in Section 4. The numerical simulation and results are performed in Section
5 while laconic conclusions are presented in Section 6.

2 Materials and Methods

We propose a mathematical model to analyze the dynamics of divorce in Nigeria where mar-
ried persons are exposed to the divorce epidemic by interaction with divorcees or unperturbed
separated individuals through contact, which is either by physical, virtual, or hybrid capacity.
The population is divided into six compartments; S represents the singles who are of marriage-
able age and are contextually ready for marriage. Marriages are categorized based on marital
interaction, satisfaction, and ability to manage marital and social feedback. Marriage with no neg-
ative affects is an illusion, hence there is a constriction of the natural flow of emotions every day;
what differentiates marriages is the psychology applied to the union. H represents unstable mar-
riage which includes hostile and hostile - detached marriages characterized by the four-horse of
the apocalypse (Criticism, contempt, defensiveness, and stonewalling), and escalation of nega-
tive affects [12]. M represents stable marriage which includes validators, volatiles, and avoiders
marriages. They differ in the amount and timing for persuasions, and are characterized by their
ability to consider negativity as fleeting, situational and positivity [12]. The population of mar-
riages undergoing counselling or separated is denoted by C' while the divorced or legally dissolved
marriage is represented as D while R is the population of the restored marriages after a series of
reconciliation.

A is the influx of singles who are ready for marriage, they get married at the rate k. The level of
preparedness for the course of a marriage is denoted as r, which is key to this model because mar-
riage is a lifetime project, hence singles need to be equipped with all available information that will
make marriage work by psychological reorientation. The couples interact with the environment
in which they come in contact with both the divorced and separated, where seeds are sowed by
disguised sharing of experiences. w represents the level of tolerance of negative affect emanating
from marriage institution and society; /3 is the divorce rate and 7 is the rate of adapting and attun-
ing to divorce by the separated population. Some of the stable marriages are overwhelmed by the
infective contact with the divorced and unperturbed separated individuals and enter into coun-
selling/separated class at the rate . The proportion of unstable marriage that results in divorce or
separation after the infective contact is p which may be cautioned by the level of dysfunctionality,
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1 in the marriage. Some of the separated marriages got a permanent divorce at the rate h, the
divorced join the single sub-population at the rate b when they are ready to remarry. The unstable
marriage is filled with rancour, abuse, and violence of all sorts, there is a tendency that it may lead
to death at the rate d; and the divorcees sometimes pass through emotional and psychological
blackouts which tend to result in death at the rate of d,. The rate of restoring separated marriages
through reconciliation is ¢ and + is the rate of restoring divorced marriages through reconciliation
situated by the society. All the sub-population have natural death at the rate . We assume ho-
mogeneous interaction between all parties and the probability of being divorced is not affect by
social status, tribe, sex, and age. The schematic diagram for the model is shown in Figure 1.

Figure 1: Schematic diagram of the proposed model.

In context of the above assumptions, the model is governed by the following system of differ-
ential equations:

48 = A+bD — (k+p)S,

= k(1—7r)S—(pA+di + p)H,

W = krS— (aX+p)M, )
9€ = aAM + p(1 — )AH — (h+ 6 + p)C,

4D = pyYAH + hC — (b+~+ds + p)D,

%% = 4D +46C — uR,

(1-w)B(rC + D)

where A = , N(t) = S(t) + H(t) + M(t) + C(t) + D(t) + R(t) with feasible

domain
Q= {S(O) > 0, H(0) > 0,M(0) > 0,C(0) > 0,D(0) > 0, R(0) > 0[N < 2} @)

The biological, sociological and psychological meaning of all the parameters in (1) are given in
Table 1, they all assume non-negative numerical values.

3 Model Analysis
3.1 Invariant region

Theorem 3.1. The closed region ) = {(S7 H,M,C,D,R) € [Ri 0< N <L %} is positively invariant
set for model (1).
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Table 1: Biological, sociological and psychological interpretation of parameters involved in the model system 1.

Parameters Description

Influx of singles who are ready for marriage

Rate at which the divorced become ready to remarry

Rate of marriage

Natural death rate

Marriage preparedness by the singles

Proportion of unstable marriage that leads to either separation /divorce
Proportion of couples that divorce after separation

Level of dysfunctional and escalated negative affect
Proportion of couples that divorce after separation

Rate of restoring separated marriage through reconciliation
Rate of restoring divorced couples through reconciliation
Level of tolerance of negative affects

Divorce rate

Modification factor for separated couples

Time in years

+ I VEL LT ITE >

State Variables | Description

S(t) Number of singles who are of marriageable age and are ready for marriage at ¢.
H(t) Population of unstable marriages at ¢

M () Population of stable marriages at ¢

C(t) Population of separated couples at ¢

D(t) Population of divorced couples at ¢

R(t) Population of restored marriages at ¢

Proof. Since N =S+ M+ H+C+ D+ Rthen ¥ = A —diH — doD — pN < A — pN. It follows
that

N <2 (N - B e

If ¢ - oo, we have that limsup N(f) < . Hence  — {(3, H,M,C,D,R) €R% :0< N < %}
t—00 12
is the feasible solution set for the model (1) and all solutions of the model are bounded for all

t € [0,00). O

3.2 Positivity of solutions

In this section, we show by means of a theorem that all the solution of the model (1) remain
positive for timet € [0, 00) if (2) holds.

Theorem 3.2. All solutions of model (1) remains non - negative for all t € [0, 0o) when (2) is satisfied.
Proof. Let £ = sup{t > 0:S(t) >0,H(t) >0,M(t) >0,D(t) >0,C(¢t) > 0,R(t) >0Vt e[0,t]}.
0

>0,C(t) > 0and R(t) > 0 and when
qual to zero at £. From (1) we

Qv
=
~—

o

=

oy
—~

=
~—

=

w

(o)

have that s
E+(k+u)S:A+bD.
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Applying variation of constants for the solution at £ we obtain

£ £ £
S(£) = S(0) exp (- /0 (A+ b)(s)ds) + /0 (A+bD). exp (- / (A+ b)(f)dt‘) ds.

Since all variables are positive in [0, t], we have that S(£) > 0.

In the other hand, by approaching other variables in model (1) with the same technique, it is
easy to show that

H'(t) = —(pA+di+p)= H(t) 20,
M) > —(0A+ ) = M(1) >0,
C't)y > —(h+d+upn)=C(t) >0,
D'(t) > —(b+~vy+da+p)= D(t) >0,
R'(t) > —p= R(t)>0.
Hence any solution of model (1) when (2) holds is non - negative for ¢ € [0, 00). O
3.3 Equilibrium points
At the steady state, model (1) becomes
0 = A + bD — 7T'15,
0 k(1 —r)S — (pA+m2)H,
0 = krS—(aA+pu)M, 3)
0 aAM + p(1 — $)NH — 750,
0 = pYAH +hC — 1D,
0 = vD+6C —puR,

where m; = k+ p,m =dy + p, 73 = h+d + pand 14 = b+ v+ da + p. The solution of the system
(3) gives the equilibrium state in terms of A, which after slight simplification we arrived at

S = Amgma(pA+m2)(aX+p)
(pA+m2) (71'17r37r4(a)\+,u)7habkr)\) —pbkX(1—7)(aX+p) (h+1/1(5+p,)) ’
H = Akmama(1—71)(aA+p)
(pA+m2) (7r17r37r4(a)\+,u,)7habkr/\) —pbkA(1—7)(aX+p) (h+¢(5+p)) ’
M = Akrmgma(pA+msa)

(pA+m2) (7r17r37r4(a)\+,u,)7habkr/\) —pbkA(1—7)(aX+p) (h+'¢)(6+p,)) ’
AXkmy (ar(p)\Jrﬂ'g)+p(17w)(17r)(o¢)\+u)

(pA+72) (w1 mama(@ddpn) —habkr X ) —pbkA(L—r) (aA+p) (A+4(5+1))

Ak (p(l—r)(a)\—i-u) (h+v(0+p))+har(pA+m2)

(pA+m2) (7r17r37r4(a)\+p,)7habkr/\) —pbkA(1—7)(aX+p) <h+¢(6+p,)) ’
AR ('Y{P(lfr)(o&&u)(h+¢(5+ﬂ))+hw(ﬂ>\+7r2)}+57r4{M(pkﬂrz)ﬂ)(l*d))(lfr)(a)\ﬂt)})

(pA+m2) (w1 mama(@dpn) —habkr ) —pbkA(L—r) (aA+p1) (44 (5+1))
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Model (1) exhibits two steady states:

(a) The divorce endemic equilibrium (DEE) are in two fold E; and E; are states that divorce
are rampant in the society. If S = S*, H = H*, M = M*,C =C*,D =D*, R=R* A= \*
and N = N* are as shown in (4) we have that £, = (S*, H*, M*,C*, D*, R*) which exists
for (pA + m2) (m1msma(a + p) — habkrA) > pbkA(1 — r)(aX + p)(h + (8 + p)); and By =
(S*,H*, M*,C*, D*, R*) exists for mym3ms(pA + m2) (@ + @) > pbkpA(1 — r) (X + p) (6 + ).

(b) The divorce free equilibrium point (DFEP), Ej is a state that divorce statistics is negligible
in the society. It is obtained when the divorce force of infection A ~ 0 which is significant
for evaluating DFEP. Then

b ) 707070
1 1T M7

(5)

A kKA1 —1) krA
Eq = (So, Hy, My, Co, Do, Ry) = ( kA —7) ) .

3.4 Effective reproduction number, R,/

To study the stability of system (1) at divorce free equilibrium we compute a threshold condi-
tion called the reproduction number which is the expected number of secondary divorce infections
produced by an index case in a completely susceptible population by a typical infective divorcee.
To obtain R, s r, we make use of next generation matrix as in [24], in which R. ;s = p(FV ~!) where
F is the influx of divorcee related ideology into the compartments, V' is the reflux in the divorce
prone compartment and p is the spectral radius. From the infective compartments we define

(@AM + p(1 — Y)AH [ mC
ﬂ—( pUNH andvi = | _po'y myD)

BTE(1 — w)(arme + pp(l = ¢)(1 —1))  Bk(l —w)(arm + pu(l — ) (1 - 1))
then F' — mop + kp(l —r) + krms mop + ku(l —r) + krmo
kBTpyp(1 —w)(1 —r) kBpp(1 —w)(1 —r)
mop + kp(l —r) + krms mop + ku(l —r) 4+ krmo
. T3 0
and V = ( b
Hence,

Bk(1 —w) (OLMTQ +pu(1 =) (1 - 7’)) (tma + h) + pou(l — 1)
— T34 o+ kr) + ku(l —r)

Reyy

From theorem 2 in [24], it is established that DFEP is locally asymptotically stable if Ry < 1
and unstable when R.f; > 1.

3.5 Global stability of DFEP

Theorem 3.3. If R.ry < 1, the DFEP of model (1) is globally asymptotically stable in its feasible region
Q.

119



U. E. Michael et al. Malaysian J. Math. Sci. 17(2): 113-133(2023) 113 - 133

Proof. We establish a Lyapunov function using matrix theoretic approach. Let

Kt =L D) + ( bh_ 57) c).

Ty 374 3

Since the parameters are all positive and D(t), C(t) obeys (2), K (t) is positive definite. Therefore
K'(t) = 2D+ (242 c,

= L (pYAH + hC — D) + ( bh ?) (@AM + p(1 = P)AH — 730).

T34

After some simple simplification, we have

K'(t) = B(rC+D) [me(l —w) 8 481 -w) (h+w) (oMtp(—p)H _ 1] ,

374

B(rC + D) [B(1 - w) {p(1 - p)pemsmtOntdrm) f o eBirm) A ]

T34 T34
At the divorce free equilibrium point,

H Akp(l =) M krmaA

N mpu+k(l—r)+krm’ N mou+ k(1 —r)+ krmy’

hence further simplification results to

BE(1 — w) (omrz +pp(l —)(1 - r)) (74 4+ h) + pou(l —7) )
mop + k(1 — 1) + krmo I

K'(t) = B(rC + D) {

T34
Therefore K'(t) = B(rC 4+ D)(Reys — 1) and K'(t) < 01if R.;y < 1. Hence K is a Lyapunov
function in © and it follows from LaSalle’s invariance principle [4] that every solution of model
(1) with initial conditions (2) converges to Ey ast = ooie. (C(t), D(t), R(t)) = (0,0,0) ast = occ.

Thus (S, H,M,C,D,R) = (A Ak(1—r) kTA,O,O,O) ast = oo for R.yy < 1 so that divorce free

T mime ) pmy

equilibrium point, Ey is globally asymptotically stable in 2 if R.y; < 1 for the case where b = 0.
The significance of this result on the community is that, when there are no record of divorced and
separated couples, there will be no restored marriages. Divorce will be reduced to bare minimum
in the society if the threshold R.;¢ < 1. O

3.6 Stability of divorce endemic equilibrium, DEE

If A* > 0and R.r¢y > 1, then divorce will persist in the community which is a necessary
condition for divorce endemic equilibrium point.

Theorem 3.4. E; of model (1) is locally asymptotically stable if Ry > 1.

Proof. Linearizing model (1) around the endemic equilibrium, E; gives the following Jacobian

-7 0 0 0 b 0
K(1—71) —(pA* +1m2) 0 —pBr(1 —w) i —pB(1 — w) i 0
y kr 0 —(@X* + ) —aBr(l —w)iL —aB(l —w)AE 0
N ¢ T P S S Iy Y Y S Y. & 0
0 PUN* 0 ppT(1 —W)%: —my + pB(1 _W)ﬁi 0

0 0 0 1 5 —u
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The characteristic polynomial of Jg, written as |Jg, — wI| = 0, where w is the eigenvalue and
is a 6 x 6 identity matrix. Observing Jg,, we can easily see that w = —p is an eigenvalue and the
remaining eigenvalues are with

- 0 0 0 b
Ki—r) —(p\+m) 0 —ppr(l - —pB(l - w) i
T = kr 0 —(@X\ +p) —aBr(l-w)iL —af(1 —w) ]\]\/,[r
1 0 pl—g)N* aX —mytpr(L-) i p(1—w) i
0 pYAT 0 pBT(l—w)ie  —my+ pB(1l — w) i
0 0 0 ] ~
with the corresponding characteristic polynomial written as
arw® + asw? + a3w3 + asw? + asw + ag = 0,
where
o = ].,
ay = m +A+B+C+ aw37P + 7y,
a3 = B+AC+ w4+ 7 (1 +737P + B) + w37P,
ay = m{AC+ 7 ((m3ma+ B)P — aX*K)} + (A+ C) (mima + B(my — 7P) + 737(m1 + m4) P)
+AC(n37P 4+ w4 + B)B (R17(C + m4) + R2C) + K (bDR2(1 — 1) — at\* (A + m4))
a5 = mAC(nsTP+ w4+ B)+T1 |:7T1P(A + C)(m3my — B) + BRy (m(C + m4) + bK (1 — 1))
+m4 A(ms PC — aky*) — aKmi A (A + 7r4)] + BC (m1 Ry — T(RaP(1+m3) + AP + Ryma)),
ag = T 7T17T4(7T3ACP + BCR; — aAK/\*) + BC (771P(A + Rg(l + 7T3)) + bKRl(l — ’I“))
+bK (msMCP(1 —r) + arABA*)} )
where

A:/))\*—|—7T27 B:p,@(l—w)%’ CZO&)\*+N, K:p(1—¢)%:,
Ri=p(1—9)\*,  Ry=pyYA* and P =p(l—)i

By Routh - Hurwitz stability criterion [17] to obtain roots that are real and negative or has negative
real part, the necessary conditions are

a;>0,i=1,2,---,6; apazay > as + asas, and

(o5 — ag)(anazay — ai — adas) > ag(asas — ag)? + azad. (6)

Observe that \* > 0,0 < %—: < 1,0 < %— < 1 and by effect R.;y > 1. Which also shows that

A,B,C, K, Ry, Ry,and P are all greater than zero and in addition (6) is satisfied. Therefore, DEE
is locally asymptotically stable for A* > 0 and R.¢y > 1. O

Theorem 3.5. The model (1) has an divorce endemic equilibrium (DEE) E, that is globally asymptotically
stable whenever Regy > 1.

Proof. Let the state variables for DEE be X = (S, H, M,C, D, R), we define a Dulac’s function
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F = <. Then,
P = hei-3,
_ k(Q—r Br(l—w B(1—w T
F% - (D)_pSEDN)CH_pgN)H_STH’
_ r afr(l—w B(1—w
F% - %_ SI(DN)CM_pgN )M_%’
afr(l—w apB(l—w Br(1—)(1—w B(1— 1—w T
Fg TN OM + Sl N 4 U o 4 PSRl V) — 25
_ PYBT(1-—w YB(1-—w T4
F% = - S[(JN )CH"’p S(N )H+%C_?7
Fet = 14+ 50— 4R
Hence,
dF(X) o ( dS\ 0 [ dH\ 8 [.dM\ & [.dC\ & [(.dD
- 2(r2)y L (F foia re &
a as( dt)+8H( dt>+6M< dt>+60< dt)+(‘3D< dt)
0 dR
F—
) < dt)’
o (A b m o (k(1—r) pBr(l—-w) pB(1 —w) T
S T - o) ety L
8S<SR+S D)+8H< D SDN SN SD
0 (kr afr(l—-w) pB(1 —w) L 0 [apr(l —w)
"3 (D —sov M~ sy M~5p)Tac| son M
pB(1l —w) pBT(1 —)(1 —w) pBl—yY)(1-w) w3
e M spv - CHT sv M 5p¢
0 (pgpr(l—w) pYB(1 — w) h Ty
+aD< son CHT oy HTg5pC g
o [~ ) 1
+aD<S+SDC_SDR>’
- A b h Br(1—w) ((p+ @)C — aM — p(1 — ) H)
= _[52R+SQ+SD2C+ SDN
pﬂ(l—OJ)(1+a)+7T2+7rg+2u
SN SD ’

< 0.

Therefore by Bendixson - Dulac criterion, the system (1) has no periodic orbit i.e. there is no
existence of a homoclinic orbit. Hence all solutions of model (1) tend to E; for ¢ € [0, oo) whenever
R.r¢ > 1. The significance of the non - existence of periodic orbit means that there are fluctuations
in the number of divorced and separated couple in the society at any given time which makes it
fiendish to pin - mark resources for divorce control. O

3.7 Bifurcation analysis

With regards to the complexities of the model (1) which has to do with human psychology
and sociology we will make use of theorem 4.1 in [6] and center manifold theory to study the
bifurcation of the solution manifold. Let the coefficients that represent dynamics on the centre
manifold be a; and as. If a; > 0 and a2 > 0 we have a backward bifurcation when the bifurcation
parameter 8* = 0, butif a; < 0 and as > 0 it indicates the occurrence of forward bifurcation. Let
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the bifurcation parameter be 5* = § with a critical value obtained when R. ;s = 1, hence,

T3y (Wg(u + kr)+ ku(l — r))

pr=p

k(1 —w) ((awrg + pp(1 —)(1 — r))(77r4 +h) + purp(1 — r)) |

Setting S = 21, H = 9, M = 23, C = 24, D = x5, R = x¢; then system (1) becomes

fi=xy = A+brs—mua,
pB(1 — w) (24 + x5)

=z = k(l-—r)x;— To — MoZa,

f2 2 ( ) ! 1+ 2o+ a3+ 24+ 25 + 26 2 22
1—
fa=ay = kray - af(l = w)(res + 25) T3 — px3,
T+ To+ T3+ Ty + T5+ Te (7)

_ aB(l —w)(rz4 + 25) pB(1 —w)(1 = ¥) (T34 + 25)

fa=x), = Ty — T3T4,
$1+$2+3§'3+l‘4+$5+$6 $1+I‘2+$3+ZL’4+$5+1‘6
pBY(1 — w) (T4 + 25)

=z = To + hry — maxs,
Is 5 1+ 2o +x3+ 24+ 25 + x4 2 4 4T
foe=x5 = o5+ 0x4 — pae.

x107

Force of infection

Stable DFEP

Reff<1

1 1.0008
Effective Reproduction Number (Ref)

Stable DEE

Unstable DEE

Unstable DFEP

Figure 2: The occurrence of backward bifurcation for Reyy < 1.

The linearization of system (6) around

Ey evaluated at 5* gives

—T1 0 0 0 b 0
k(l—r) —m 0 7L L 0
kr 0 — TL/ L/ 0
Ty = |
O O 0 TA—7T3 A 0
0 0 0 TwL‘i‘h wL—’]T4 0
0 0 0 ) v —u
where L = FopB™(1 —w)(1 — 1) L = ampB* (1 —w) and
mo(p 4 kr) + kp(l —r) mo(p+ kr) + kp(l —r)

Y B*k(1 — w) (arﬂg +pp(1 —¢)(1 — r))

o+ kr) + ku(l —r)

. The characteristic equation |Jg, — AI| = 0, taking into
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account that 5 = §* has a simple zero eigenvalue and other eigenvalues have negative real sign,
hence Ej is a non - hyperbolic equilibrium point. To compute a right eigenvector, w, we examine
Jp,w = 0. Assuming w = (w1, wa, w3, wy, ws, we) !, we get

b
w1 = —Wws,

T

kb(1 — Lrl —TA L
vy — (kb(1 —7) + Lwl) (w3 — 7A) + 7m ws,

mima(mg — TA)
Tm AL + (krb+ m L") (73 — TA)

s = pmy(my — TA) s
wy = A w
tT T3 —TA
ws > 0,
O0(YL — ma) +y(tYL + h)
w6 = w5.
(TP L+ h)

Next, we compute the left eigenvector, v by solving Jg,v = 0. Assuming v = (v1, v2, U3, V4, U5, Vg),
we obtain v; = vo = v3 = vg = 0, v4 = ;ffj:, vs = vs > 0. To compute the coefficients of

dynamics of the system (6) we make use of theorem 4.1 in [6]:

6

2 6 2
a = Y vaw L (Eo, ), az= kawi%(Eoﬁ*)-

Wy ———
— J 8x18xj - i
ki, j=1 k,i=1

Since v; = vo = v3 = vg = 0, we do not need the derivatives of fi, fo, f3, and fg. The second
derivatives of f, and f; that are nonzero are

62f4 - u(7T17T2 — Ak(l — ’I“) . 82f4
Ors01y B = 9)(1 = w) <7r2(/,t +kr)+ ku(l — T)) T Oz4015
82f4 _ 82f4 - « /L(ﬂ'lﬂ'g — Ak’(l — 7")
Oxy0xs  Oxs0wy pE7 (1 =)l ~ ) <7T2(M +kr) + k(1 - 7')) 7
82f5 o 82f5 - « /L(ﬂ'lﬂ'g — Ak’(l — ’I“)
Or90ry  Ox4019 pAYT(L = w) <7T2(,u +kr) + kp(l — 7')) ’
82f5 B 82f5 _ N /,6(71'17'('2—1\](3(1—7“)
Oxodxs  Owsdry PR —w) (7@(# +kr) + kp(l — T)) 7
Pfr . rmma — kp(l —¢)(1 =)
ot = 2o (TR )

821, kT(l—w)(ocT—&-p(l—w)(l_T))

0r408 mo(pu+kr) + ku(l—r) ’
%fs _ kpprp(l —w)(1—1) %fs _ k(1 —w)(ar+p(1 —2)(1—71)
01408  ma(p+kr)+ku(l —r)’ drs500 mo(pu+kr) +ku(l—7r)

0%fs _ kpyp(l —w)(1—7)
dx50B  mo(u—+kr)+kp(l—r)
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Hence,
_ 0 fy 0 fa 2 0% f4 0% f5 02 fs
“o= [2 <w2“’4 Dra0my |2 axzaxg,) +uig, 3} + 205 [“’2“’46 201 2 oy |
2p8u(1 — w)(mme — Ak(1 —7r)
= ( (Twawy + wows)(va (1 — ) + Yus)
mo(pu+kr)+ku(l—r)
oa(1 =) (rmims — k(1 = 9)(1 7))
+ > 0.
2(771772 — Ak(1 - r))

or = TR (ot p(1 = )1 =)+ a1 - )] >0

From the above a; > 0 and ay > 0 at § = 8*. By theorem 4.1 in [6], model (1) exhibits backward
bifurcation at R.ss = 1. The associated bifurcation diagram is depicted in Figure 2, and shows that
the local asymptotically stables, DEE and DFEP are depended on initial sizes of the sub-population
which explains the coexistence of the stable states. The implication of this result is that the classical
prerequisite that makes R.sy < 1 are necessary condition but not sufficient for the elimination of
divorce related cases in the society. Therefore, stable divorce endemic equilibrium co - exists with
divorce free equilibrium when R.;¢ < 1 because divorce can be sensed as an issue of behavioural
responses to negative affects, high expectations, inordinate communication strategies, lack of trust
and intimacy.

Succinctly, the mathematical analysis in this section shows that having previously divorced
individuals becoming susceptible to divorce again will make it difficult to have divorce eradicated
from the population.

4 Sensitivity Analysis of R ;¢

In model (1), must of the essential static quantities depend on the parameters of the differ-
ential equation. Effective reproduction number is used to measure the sensitivity of the model
parameters by computation of the normalized forward sensitivity indices of R.¢s. This gives the
percentage of influence each parameter has on divorce transmission dynamics and prevalence.
The sensitivity elasticity of quantity R.s; with respect to the parameter ; is given by

ggeff _ a];g{f % Rf;f'
Therefore,
é-;;eff = 1, glljeff _ o k(le_/i(l L
gRest . _ KB (arme + pu(1 = ¢)(1 — 7)) (rma + h) + ppp(1 — 1) ’
T3y mop+ k(1 + 71+ m))
gherr = pu(1 —7r)(r+h) - 1) ghers _ Bhma(1 —w) (arms + pp(l = $)(1 7))

w3y (mop + k(1 +r(1+ )’
ghers Plu(l —w)(1 = r) (1 =) (774 + h) — ) ghert _
’ mamy (map + k(1 + (1 + 7)) ’ “
ppr (1= ¢)(Tma + h) + )

(arma+ pp(1 — )1 = 1)) + ppou(l — 1)

ma3my (mopr + k(1 + (1 + 7m2))
Bkrma(1l — w)
w37y (mop 4 k(1 + (1 + m2))’

Efeff _
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Parameters with positive indices have an enormous effect on the transmission and prevalence
of divorce in the society i.e. increase in such parameter enhances the multiplication of divorce in
the society that leads to mayhem in the existence of a peaceful and productive society.

On the other hand, the parameters that have negative indices have minimizing effects on the
burden of divorce in the society as their values are increased; hence they are used in the control of
divorce within the community and in turn bring sanctity to the community. Using contour plots
we investigate the effect of the parameters in model (1) on the effective reproduction number R, ¢,
which we used as a threshold of divorce in the society.

In Figure 3, the contours show that any habit that will increase the divorce transmission rate
by either physical or virtual contact will aid in the proliferation of divorce cases; and when the
singles prepare and equip themselves with knowledge of marriage, family dynamics, skills, and
personal awareness, R. 5 will be reduced thereby reducing the burden of divorce in the society.

Furthermore, in Figure 4, we can see that increasing the level of tolerance of negative affects of
marriage partners helps greatly in reducing R, s ¢, which in turn reduces the prevalence of divorce
in the society. Proper preparation for marriage in all its tendencies helps in developing tolerance
of negative affects when faced with one during the marriage; hence the combination of » and w
brings the divorce rate down drastically.

Figure 4: Contour plots of R versus marriage preparedness
and the tolerance level of couples on negative affects exhibited
by their partner.

Figure 3: Contour plots of R versus transmission rate and
marriage preparedness of singles who are ready for marriage.

The contour in Figure 5 shows that when the level of dysfunctional and escalated negative
affect is high in a marriage, it is bound to witness separation which may result in divorce. On the
other - hand, being conversant with family dynamics before venturing into marriage will reduce
the level of dysfunctions in marriages which will result in partial containment of divorce cases.
Figure 6 shows that the opposite of knowledge of family dynamics and self-discovery will lead to
an increment in transmission dynamics and prevalence of divorce in society.
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Figure 5: Contour plots of Ry versus marriage preparedness Figure 6: Contour pl(.>ts of Ro versus divorce transmission rate
and level of dysfunctional which is as a result of escalated neg- and level of dysfunctional which is as a result of escalated neg-
ative affects. ative affects.

Figure 7: Contour plots of R versus tolerance to negative af-
fects and proportion of unstable marriage that leads to either
separation or divorce.

Figure 8: Contour plots of R versus modification factor of sep-
arated couple and tolerance level of negative affects.

In Figure 7, it is observed that the increase in tolerance level exhibited in any marriage helps in
the reduction of the proportion of troubled couples that may opt for separation or divorce. Couples
over time head to divorce because they fail to work out a common influence pattern; in addition,
the majority argue about differences in how to express emotions, closeness, and distances. These
purposeful learning of traits that can douse tension in marriages will help in modification of the
divorce ideology being considered by the separated class as shown in Figure 8.

5 Numerical Simulation

In this section we estimate the parameters of model (1) based on data available in Nigeria
and secondary data for numerical simulation performed to support the analytical results. The
values of parameters used in the simulation is shown in Table 2 with some estimated, assumed,
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calculated and obtained from literature, initial conditions used is follows: S(0) = 20000, H(0) =
3000, M (0) = 4000, C(0) = 1500, D(0) = 500 and R(0) = 100.

Table 2: Biological, sociological and psychological interpretation of parameters involved in the model system 1.

Parameters | Value(s) Source

A 0.4 [8]

b 0.001 Assumed

k 0.501 Estimated

w 0.001495 | Calculated [19]
T 0.7 Extimated, (0, 1]
p 0.72 Assumed

e 0.086 [21]

) 0.74 Estimated, (0, 1]
h 0.24 [13]

] 0.3 [9]

vy 0.1 [13]

w 0.49 Estimated (0, 1]
g 0.71 [21]

T 0.241 [13]

dq 0.0021 9]

do 0.00182 Assumed

The community has to work enormously on the health of families which are an integral compo-
nent of any society. As married couples live together, a marital disorder in the form of separation
or divorce may always be experienced among them because of individual differences, religion,
race, family practices, and other inevitable psychological and sociological traits.

In Figure 9, it is observed that when the divorce transmission parameter is boosted, the di-
vorced population is on the increase. This increment is not perpetual, it will start to dwindle grad-
ually since divorce/separation is psychological or otherwise. The divorcees will start to remarry
and others will reconcile with their spouses cautioned by reconciliation measures marshalled out
by concerned individuals, hence leading to depopulation of the divorced population and popula-
tion of the restored marriages as shown in Figure 10.

T
i ST T g=or1 -4 [ m=ea- B=0.71
Wi f=0.42 5 <00 f=0.42 5
e f=0093 & f=0.093
= a
E 1200 & 3000[
= @
5 ES
o 1000 =
¥ =0
2 = 2000
£ s00 =
= 2 1000
800 [ =
/
s
o[
400 by L I L L W L L L L L
o 2 4 8 5 10 0 5 10 15 20
Time{Years) Time(Years)
Figure 9: Effect of 3 on the divorced population. Figure 10: Effect of 8 on the restored marriage population.

The effect of these reconciliation measures reduces the population of the separated couples be-
cause some of them reconsider and discover themselves on the track which fast tracks the effort of
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reconciliation as shown in Figure 11. Therefore, separated or divorced couples will remain broken
without an adequate and consistent reconciliation process. For the unstable marriage population
as in Figure 12 when § is increased, it has a deplorable effect on the population as a result of the
mass exodus to divorced or separated compartments.

o . T
ooy, T aeaan B=071

=}

=

=
T

8000 |

sooo f
|

=
=}
T

00l ===== B=071 ]

Separated Mamiage Population
Unstable Mariage Population
'

RS L _ B=0.42
A — - 2 1 3000 B=0.093 ]

Figure 11: Effect of 8 on the separated marriage population. Figure 12: Effect of 8 on the unstable marriage population.

When couples intentionally develop, learn and practice tolerance of negative affect exhibited by
their spouse, there will be peace in the society hence population of divorced will be reduced dras-
tically as shown in Figure 13. This co-existence strategy affects both stable and unstable marriages
because new trait that is inherent or acquired will be displayed daily hence the need to contain
them is needful. Figures 14 and 15 show that the population of both stable and unstable marriages
is increased when a conscientious effort is applied to upgrading the w level. In addition, the pop-
ulation of restored marriages and separated marriages are reduced, but not drastically. Over time
there is always a need to unlearn, learn and relearn to keep track of the complexities of human
behavioural, attitudinal, and sociological well-being as shown in Figures 16 and 17 respectively.

Figures 18 and 19 show that if enormous significance is placed on preparedness before enter-
ing into marriage, divorce and separation rates shall be reduced, to a manageable extent. This
preparedness for marriage should not be static but dynamic because of the dynamism of human
psychological and sociological variations. Peradventure divorce or separation occurs, and the rec-
onciliation process is faster with a spouse who worked on self before entering into a marriage
as shown in Figure 20. If a considerable number of singles who are ready to get married devote
their time intentionally to learning the family dynamics that include: communication of all types
- words, expressions, attitudes, expectations, emotions, thoughts, and forces outside the family,
such as history, context, e.t.c. [12]; the majority of marriages will start as stable marriages, hence
depopulating unstable marriages as shown in Figures 21 and 22.
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Figure 13

: Effect of w on the dissolved marriage population.

Figure 14:

: Effect of w on the stable marriage population.
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Figure 15: Effect of w on the restored marriage population.
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Figure 17: Effect of 8 on the unstable marriage population.
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Figure 19: Effect of r on the restored marriage population.
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Figure 21: Effect of r on the stable marriage population.

130

Malaysian J. Math. Sci. 17(2): 113-133(2023) 113 - 133

1800, maaaa w=0853 -
= — — w=0421
o
= w=0123
=
2
2 qooo b ]
@

2
=

=00 | \ _
E e l\\

- A R
2 ~ Broe s ol They I s
Z =
@ S
oL, . L. . esromamTEmESRSDmee 4
1 L L L L L | L
a 2 4 i 8 10 12 14

Time(Years)

Figure 16: Effect of w on the separated marriage population.
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Figure 18: Effect of r on the divorced marriage population.
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Figure 20: Effect of 7 on the separated marriage population.
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6 Conclusion

A deterministic non-linear ordinary differential system of equations was used to study the
effect of pre-marriage preparedness with interpersonal tolerance among the married on the dy-
namics of divorce/separation using a mathematical model as a tool. The model was propounded
and analyzed, considering divorce as an epidemic in Nigeria. A feasible region was obtained
in the model analysis and its epidemiological meaningfulness was established. The divorce-free
equilibrium and divorce endemic equilibrium were obtained and their local and global stabil-
ity were studied. The bifurcation analysis of the model was performed and it showed that the
model exhibits backward bifurcation at R.yy = 1. The sensitivity of the model parameters and
numerical simulation was performed to expatiate the analytical results. The simulation suggests
that pre-marriage preparedness, interpersonal tolerance in marriage, and reconciliation measures
help stabilize marriages, prevent cracks, and rectify separation/divorce marriages. By and large,
society should be involved in indoctrinating, teaching, and practising the family dynamics to en-
hance the learning of marriage norms at a tender age. Parents, churches, mosques, and the elderly
should endeavour to have preparatory sessions for singles that are getting ready to enter into the
institution of marriage. The sessions should cover a variety of substantive areas that include re-
productive issues (childbearing, parenthood, infertility, childlessness, adoption), household de-
cisions, life course decisions, health decisions, and institutional decisions.
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